
000
001
002
003
004
005
006
007
008
009
010
011
012
013
014
015
016
017
018
019
020
021
022
023
024
025
026
027
028
029
030
031
032
033
034
035
036
037
038
039
040
041
042
043
044
045
046
047
048
049
050
051
052
053
054

SPARTA: Sparse Parameter Averaging for Reduced-bandwidth Training
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Abstract
Training large language models (LLMs) at scale
requires efficient training across multiple com-
putational nodes. Traditional distributed training
approaches synchronize data between nodes at
each iteration on the scale of the full model size,
resulting in high communication overhead. While
recent advances in federated learning mitigate this
by allowing infrequent synchronization, they still
require transmitting the entire set of model gra-
dients during updates. In this work, we propose
sparse parameter averaging, where a small por-
tion of the model parameters are averaged be-
tween workers at each step. SPARTA offers sev-
eral advantages: it supports asynchronous updates
of up to 10 steps without performance degrada-
tion, is resilient to network faults and is simple
to implement. Our experiments demonstrate that
SPARTA outperforms state-of-the-art federated
learning methods such as DiLoCo in both band-
width efficiency and practical robustness.

1. Introduction
Training large language models (LLMs) at scale necessi-
tates distributing computation across large GPU clusters,
where substantial volumes of data are exchanged contin-
uously among devices. Conventional approaches, such as
Distributed Data Parallelism (DDP) (Li et al., 2020; Shoeybi
et al., 2019; Narayanan et al., 2021) mandate synchronizing
either all model parameters or gradients between devices
at every training step. This requirement imposes signifi-
cant bandwidth demands and often becomes a bottleneck,
particularly in environments with limited interconnect per-
formance.

Federated learning mitigates communication overhead by
synchronizing infrequently. The Federated Averaging (Fe-
dAvg) algorithm (McMahan et al., 2017) allows K models
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to train on a separate subset of data, then averages all mod-
els every H steps to synchronize them. This strategy lowers
bandwidth usage by a factor of H while often maintaining
comparable convergence rates as regular training. This has
proven effective for training large language models (LLMs)
as demonstrated by DiLoCo (Douillard et al., 2023; 2025).
Yet, this approach still requires the entire model to be com-
municated during synchronization.

Additionally, FedAvg is mathematically equivalent to per-
forming gradient descent on the synchronized (outer) gradi-
ents (e.g. Section 1 of (Reddi et al., 2020)). Based on this
view, recent methods (Reddi et al., 2020; Douillard et al.,
2023) have explored using more sophisticated outer-loop
optimizers, rather than simply averaging the parameters.
In this work, we argue against this approach: such meth-
ods increase algorithmic complexity and introduce more
hyperparameters to tune. Furthermore, the infrequent nature
of outer gradient updates is ill-suited to momentum-based
methods, which typically require careful tuning or disabling
altogether. Instead, we show that simple approaches such as
SPARTA can outperform state-of-the-art methods including
DiLoCo.

We present a novel algorithm called SPARTA, where only a
small subset of model parameters is synchronized at each
step. While FedAvg averages full models every H steps,
SPARTA averages a sparse subset continuously. This ap-
proach is lightweight and simple to implement, enables
more granular control over communication costs, and opens
new avenues for robustness and flexibility not offered by
traditional federated learning methods.

In Section 3, we provide a detailed description of the al-
gorithm. SPARTA shares a proportion p of parameters be-
tween nodes, which can be done either synchronously or
asynchronously.

Lastly, in Section 4, we demonstrate how SPARTA performs
in practice through experimental validation. Empirically,
we confirm that SPARTA matches FedAvg in performance
when total bandwidth is held constant. We compare the
quantitative performance of SPARTA with state-of-the-art
methods and find that, despite its simplicity, it can outper-
form methods such as FedAvg and DiLoCo. Furthermore,
we analyze weight correlation over time, showing that the
trajectories remain more robust and consistent. We em-
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pirically demonstrate that this results in improved robust-
ness and fault tolerance, withstanding up to 95% message
loss. We show that SPARTA functions effectively with asyn-
chronous/delayed communication of up to 10 steps with
negligible performance loss. Finally, we show that our
method continues to outperform competitive approaches
in large-scale training of models with more than a billion
parameters.

2. Background
Let θ denote the parameters of a model trained on dataset
D = {(x, y), . . .}, where (x, y) are input-output pairs. In
language modeling, for instance, inputs and outputs are
often token embeddings (Vaswani et al., 2017). We assume
D is partitioned into K disjoint shards {D1, . . . ,DK}, with
K workers each holding a model copy θk and local data
shard Dk.

In Distributed Data Parallelism (DDP) (Li et al., 2020;
Shoeybi et al., 2019; Narayanan et al., 2021), each worker
computes gradients locally and synchronizes them across
workers at every step. When using SGD, this is equivalent
to synchronizing parameters via FedAvg with H = 1, since
SGD updates and parameter averaging are both linear and
commute.

Federated Averaging (FedAvg) is well studied, with con-
vergence analyses in (Stich, 2019), and extensions like Fe-
dOpt (Reddi et al., 2020), SCAFFOLD (Karimireddy et al.,
2020), and asynchronous variants (Leconte et al., 2023).

DiLoCo (Douillard et al., 2023) builds on this literature
for LLM training. Unlike FedAvg, which averages param-
eters every H steps, DiLoCo applies an outer optimizer
(e.g., Nesterov Momentum (Sutskever et al., 2013)) after
each synchronization. This approach has been used to train
1B–4B parameter models efficiently, reducing communica-
tion by a factor of H ∈ [30, 100] (Jaghouar et al., 2024;
Charles et al., 2025).

However, DiLoCo introduces additional complexity: local
training typically uses AdamW, while the outer loop requires
selecting and tuning a separate optimizer. The best choice
depends on model size, number of nodes, synchronization
interval H , and interactions between inner and outer opti-
mizers (Charles et al., 2025).

3. SPARTA
3.1. The SPARTA Algorithm

FedAvg reduces communication costs by synchronizing the
full model only once every H steps, averaging parameters
across all nodes. In this section, we introduce SPARTA,
a communication-efficient alternative where only a sparse

subset of parameters is averaged at every step. Specifically,
each parameter has a small independent probability p of
being selected—for example, p = 0.05%. In expectation,
each parameter is averaged once every 1/p steps.

Initially, all nodes are identical: θ(0)k ← θ(0), after which
each model trains independently to form an ensemble. At
each training iteration t, after performing a forward pass,
backward pass, and optimizer update, a global binary mask
is sampled m(t) ∼ Bernoulli(p)D. This shared mask deter-
mines the subset of parameters to communicate:

P(t) = {i : m(t)
i = 1}. (1)

Each node then updates its local parameter with the global
average of that parameter across models:

θ
(t)
k,i ←

1

K

K∑
k=1

θ
(t)
k,i. (2)

The AllReduce operation aggregates and redistributes these
values across all nodes. Because only a sparse subset is
communicated, SPARTA significantly reduces the effective
communication cost compared to full-model averaging.

If we compare FedAvg and SPARTA under the condition
H = 1/p, the total communication budget is the same.
However, SPARTA distributes communication evenly over
time-steps, and can be seen as a smoothed version of Fe-
dAvg. We demonstrate this property empirically in Figure 2.
Note one critical difference with FedAvg: the models are
never entirely synchronized but that rather remain an ensem-
ble during an entire training run.

We provide theoretical justification of the equivalence of
SPARTA and Federated Averaging in section A of the ap-
pendix, by demonstrating the same convergence properties
between both SPARTA and FedAvg. This equivalence will
then be demonstrated empirically in section 4.

Sampling: With vs. Without Replacement At each
synchronization step, parameters can be sampled with or
without replacement. With replacement, each parameter
is selected independently with probability p (a Bernoulli
process), leading to an expected p ·D parameters per step,
though the actual count varies. This method is simple, low-
overhead, and assumes independent parameter behavior, but
may result in uneven coverage.

Without replacement, exactly ⌊p · D⌋ unique parameters
are selected uniformly, yielding more balanced updates and
fixed communication cost per step, at the expense of added
complexity.

For clarity and analysis, we adopt sampling with replace-
ment; for experiments, we use sampling without replace-
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ment to maintain constant bandwidth. As shown in the
appendix, both strategies yield equivalent performance.

Coordination Without Communication Sampling is de-
terministic across nodes via a shared pseudo-random num-
ber generator (PRNG) and seed. Since all nodes know
the global step t, they agree on the mask P(t) without
any communication. This ensures synchronization remains
lightweight and scalable in decentralized settings.

Algorithm 1 Sparse Parameter Averaging (SPARTA)
1: Require: Data shards {D1, . . . , Dk}, frequency H ∈

R, sparsity rate p ∈ R
2: for step t = 1, . . . , T do
3: Set P(t) according to sampling strategy
4: for worker k = 1, . . . ,K in parallel do
5: θ

(t)
k ← AdamW(θ(t−1)

k , D
(t)
k )

6: AllReduce(θ̃(t)j ← θ
(t)
k,j , j ∈ P(t))

7: Update θ
(t)
k with θ̃(t) at the sampled indices

8: end for
9: end for 1

K

∑K
k=1 θ

(T )
k

3.2. SPARTA Extensions

3.2.1. ASYNCHRONOUS COMMUNICATION

A key property of SPARTA is that it does not require full-
model synchronization. Since only a sparse subset of param-
eters is communicated, it is straightforward to allow these
parameters to arrive with delay. This enables asynchronous
communication: updates sent at time t− τ can be applied
at time t, without blocking local training.

Let θ(t)k denote the local model on node k at step t, and P(t)

the mask of parameters selected for synchronization. After
applying a local SGD update, each node performs:

θ
(t)
k,i ← θ̃

(t−τi)
i for i ∈ P(t), (3)

where θ̃
(t−τi)
i is the average value of parameter i received

from other nodes, computed at time t− τi, and τi ≤ τmax

is a bounded delay.

This allows local SGD computation and communication to
overlap. While computing gradients for step t, the node
can send out updates from step t − 1 and receive updates
from previous steps. Since P(t) is sparse, communication
remains efficient even under delay.

We can model the overall update as a variant of delayed
SGD:

θ
(t+1)
k = θ

(t)
k − η∇Lk(θ

(t)
k ) + ∆(t), (4)

where ∆(t) is the sparse averaging correction:

∆
(t)
i =

{
θ̃
(t−τi)
i − θ

(t)
k,i if i ∈ P(t)

0 otherwise.
(5)

In table 1 in the appendix, we demonstrate empirically the
small change in performance under asynchronous commu-
nication.

3.2.2. FAULT TOLERANCE

SPARTA is inherently tolerant to message loss. Since only a
sparse subset of parameters is synchronized and full-model
consistency is never required, training proceeds uninter-
rupted even when updates are dropped.

In our experiments (see Section 4), SPARTA maintains
strong performance even when up to 95% of messages
are randomly dropped (q = 0.95). This corresponds to
p̃ = 0.05p. Despite the severe communication loss, model
quality degrades minimally, confirming that SPARTA is ro-
bust to random message failure without requiring retries,
acknowledgments, or global synchronization.

In table 2 in the appendix, we show SPARTA’s performance
under dropped packets.

4. Results
In this section we provide experimental validation for
the SPARTA algorithm. In all experiments excluding
the ‘larger-scale’ experiments, we train a 124M parame-
ter NanoGPT (Karpathy, 2022) model on the OpenWeb-
Text (Gokaslan and Cohen, 2019) across 4 nodes. Full
details of our exprimental setup is left for the Appendix.

4.1. Quantitative Performance of SPARTA and FedAvg

In this section we emperically test the performance of
SPARTA and FedAvg, and validate the assumption of equiv-
alence between them. This will be shown theoretically in
section A of the appendix. We compare SPARTA and Fe-
dAvg for an equal communication budget, when p = 1

H .

In Figure 1 we see how SPARTA with compares to FedAvg
for the same communication budget. The case of H = 1 is
equivalent to data parallelism. As H increases, performance
of both algorithms decreases at the same rate.

In Figure 4, we perform a learning rate sweep and again see
similar performance. SPARTA is slightly more robust to
learning rate changes but the results are extremely close.
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Figure 1. SPARTA and FedAvg achieve the same accuracy for a
fixed communication budget.

Figure 2. Weight matrix correlation

4.2. Communication Robustness and Fault-tolerance of
SPARTA

We analyze the robustness of SPARTA for when updates
are performed asynchronously as discussed in 3.2.1. The
validation loss is measured after 30k training steps for syn-
chronous training then compared to the validation loss with
a time-step delay. Any additional delay results in slightly
higher validation loss and the difference is reported in table
1. As shown, even a 10-step delay results in a performance
drop (increase in validation loss) of 0.76%. A time-step
delay of 1-step, results in no loss in performance. We ad-
ditionally report an infinite delay, which is equivalent to
never updating the model. Here, the drop in performance
is enormous as models simply diverge during training and
this results in poor performance when averaged together.
This results highlights that SPARTA can be effectively used
asynchronously with little to no performance loss.

Similarly, we observe in table 2 that SPARTA is extremely
fault-tolerant. As discussed in 3.2.2, a fault rate q refers to
the probability of synchronization messages being lost and
never retried. Even with q = 0.95, SPARTA still works, but
with a performance drop. Note that q = 0.95 means that in

Delay Performance drop
5-step delay 0.36%
10-step delay 0.74%
∞ delay 805.6%

Table 1. SPARTA’s performance with asynchronous communica-
tion.

Fault Rate Performance drop
80% Fault Rate 2.48%
90% Fault Rate 3.66%
95% Fault Rate 4.88%

Table 2. SPARTA’s fault-tolerance for lost messages.

expectation, only 1 in 20 updates is synchronized between
nodes.

This shows that SPARTA is asynchronous and fault-tolerant
by default. This is in contrast the works on Async FedAvg
(Leconte et al., 2023; Douillard et al., 2025) which require
large algorithmic changes to achieve asynchronism. The
asynchronous nature of SPARTA ensures that communi-
cation and computation are always overlapped, therefore
adding no overhead to wall-clock time. Furthermore, the
sharing parameter p can be chosen as a function of the avail-
able bandwidth. If a full forwards-backwards pass takes F
seconds, and communicating the entire model would take
B seconds, then we can choose to communicate p = F/B
of the model at each step asynchronously with no addition
to wall-clock time.

4.3. Performance with an adaptive schedule

By default when using SPARTA, p is constant. However, we
can adjust p according to schedule. One particular schedule
we explore is setting p = 1 every H steps.

This is equivalent to the federated learning approaches, but
additionally a small number of parameters are shared during
the local steps. The updates are performed asynchronously
with p = 0.005, incurring no additional wall-clock time. Ad-
ditionally, p = 1 every H = 10, 000 to match the DiLoCo
interval. Both methods thus have identical wall-clock time.
The result is shown in Figure 3 where we see SPARTA dras-
tically outperforming DiLoCo. Notably, we see SPARTA
outperforming DiLoCo even with H = 100, despite the
total synchronous communication performed by SPARTA
being 100x less.

4.4. Large Scale runs

In the all the above experiments, we explore aspect of
SPARTA on 124M LLMs. In this section, we provide 2
experiments at large scale: 770M parameters and 1.5B pa-
rameters. We compare SPARTA with with DiLoCo similar
to the set-up in the previous section where SPARTA updates
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Figure 3. SPARTA reduces synchronous communication by 100×
while improving perplexity at the 125 M parameter scale.

770 M 1.5 B

Nodes 4 8
H 10 K 5 K
Training steps 76 K 23 K
p 0.5 % 0.5 %

PPL (DiLoCo) 18.1 24.3
PPL (SPARTA) 16.5 19.8

Table 3. Perplexity comparison of SPARTA and DiLoCo at the 770
M- and 1.5 B-parameter scales.

are performed async with p = 0.005 and a full sync at the
same interval as DiLoCo to keep wall-clock time consistent
between the two runs. We similar result in table 3 for larger
models, demonstrating that SPARTA can greatly outperform
DiLoCo with no increase in wall-clock time.

5. Conclusion
We introduced SPARTA, a sparse parameter averaging algo-
rithm for bandwidth-constrained LLM training. We showed
that SPARTA and FedAvg are theoretically and empiri-
cally equivalent under equal communication budgets, but
SPARTA offers practical advantages: it enables continu-
ous, fine-grained synchronization, supports asynchronous
updates, and is inherently robust to message loss.

Leveraging these properties, SPARTA outperforms FedAvg-
based baselines like DiLoCo in our experiments, demon-
strating improved stability and efficiency in low-bandwidth
settings.

SPARTA represents a step toward more flexible, decentral-
ized training. By decoupling synchronization from rigid
schedules and introducing sparsity in both time and parame-
ter space, it enables training on heterogeneous or unreliable
infrastructure.

Future work includes (1) integrating compression and quan-

tization, (2) adapting sampling using gradient or sensitivity
metrics, and (3) exploring advanced merging strategies such
as curvature-aware model fusion.
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Hyper
parameter 125M 770M 1.5B

nlayer 12 36 48
nhead 12 20 25
nembd 768 1280 1600
nhidden 3072 5120 6400
Block size 1024 1024 1024
Vocab size 50 304 50 304 50 304
Dropout 0.0 0.0 0.0
Bias True True True

Table 4. NanoGPT hyper-parameter configurations.2

A. Experimental Setup
In our experiments, we simulate distributed training using
one model per 4090 GPUs. All GPUs are on the same node.
Since wall-clock time varies depending on the network band-
width between workers, we quote training results in terms
of training iterations instead of wall-clock time. We instead
quantify the reduction in synchronous communication re-
quirements as a function of the training run, from which a
wall-clock time speedup can be inferred.

A.1. Model Architecture

We use a NanoGPT-style transformer model with 125M
parameters in all experiments except the large-scale exper-
iments in section 5.5. The hyperparameter configurations
used are as follows:

A.2. Training Details

We use AdamW (Kingma and Ba, 2017) as our optimizer
with a learning rate of 0.0008. We use a per-node batch size
of 16 and a sequence length of 1024. Models are initial-
ized to the same parameters, and are trained for 30k steps.
The dataset used is OpenWebText (Gokaslan and Cohen,
2019), yielding 5B tokens after formatting. In all exper-
iments comparing Federated Averaging and SPARTA, all
hyperparameters are kept identical, including random seed
to ensure batches of data are received in the same order. The
only variable changed is the scheduling of paramter sharing;
from Federated Averaging ‘all-at-once’ style to SPARTA’s
‘continuous’ model parameter sharing.

For the large-scale experiments, we perform SPARTA pa-
rameter sharing whilst also doing a DiLoCo-style outer step
every 5k or 10k iterations. In these experiments, we use the
standard DiLoCo hyperparameters: outer learning rate 0.7,
Nesterov momentum 0.9. We use SPARTA with p = 0.005.
Given 3.6s per iteration for the 770M model, this requires
a network bandwidth of 50Mb/s for communication and

2nhidden (a.k.a. dff) is fixed at 4× nembd for all sizes.
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Figure 4. SPARTA is more robust to the learning-rate choice
(H=200).

computation to take the same time and thus saturate the
network.

A.3. Asynchronous & Fault Tolerant SPARTA

To simulate asynchronous SPARTA, we store a buffer on
each node to store the received SPARTA parameters before
applying to the model. Averaged parameters wait in the
buffer for a number of steps before being released to update
the model. This is equivalent to asynchronous SPARTA over
a delayed network.

To test fault-tolerance, we choose to ignore parameter up-
dates periodically in order to simulate dropped packets. If
we wish to simulate 90% fault-rate, we only use parame-
ter updates every 10 iterations; the rest of the updates get
dropped.

A.4. Learning-Rate Sweep for SPARTA vs FedAvg

We notice that SPARTA and FedAvg perform very similarly
when varying learning rate, as observed in plot 4.

A.5. Weight Matrix correlation

In FedAvg, each nodes train independently with no commu-
nication with other nodes. This causes drift between local
models, until they synchronize again. In Figure 2 we see
this correlation between model weights. On the other hand,
SPARTA never has a full synchronization in this experiment.
Rather, a small set of parameters is shared, p = 0.0002. The
models train locally and thus also drift apart, however as
parameters are continuously shared, this results in a smooth
correlation curve rather than a spiky one.

In Figure 5, we carry out a similar experiment but with 2
modifications. First we use DiLoCo rather than FedAvg as
it performs much better for LLMs. In DiLoCo, rather that
just averaging the parameters, an outer optimizer is used
(Nesterov Momentum). Second, we use SPARTA with a

7



385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439

SPARTA: Sparse Parameter Averaging for Reduced-bandwidth Training

Figure 5. When used in conjunction with DiLoCo, SPARTA pre-
vents models from catastrophic divergence

scheduled p such that p = 1 at the same interval used in
DiLoCo. This effectively can be see as a federated learning
algorithm with sparse parameter averaging during the local
steps. The result is that correlation does not drop as low
as the federated case due to the sparse parameter sharing
reducing drift.

A. Theoretical Analysis
A.1. SPARTA and FA Equivalence

The primary difference between SPARTA and FedAvg is
how parameter sharing is scheduled. FedAvg averages all
the parameters once every H steps, which SPARTA aver-
ages a fraction p of the parameters every step. We will
bound the convergence rate of SPARTA and demonstrate
that SPARTA and FedAvg converge at the same rate when
p = 1/H , showing that the different communication sched-
ule does not affect performance. This is further justified
experimentally in section 4.1, where we show that SPARTA
and FedAvg perform almost identically for a given com-
munication budget. We follow a similar analysis to (Stich,
2019) in finding the following theorem:

Theorem A.1 (Convergence of FedAvg and SPARTA). Let
θ
(t)
k be the parameters on worker k ∈ {1, . . . ,K} after t

SGD steps on an objective f that is L-smooth and µ-strongly
convex. Assume stochastic gradients satisfy

Ei

∥∥∥∇fi(θ(t)k )−∇f(θ(t)k )
∥∥∥ ≤ σ2, Ei

∥∥∥∇fi(θ(t)k,j)
∥∥∥ ≤ G2

D
,

for every coordinate j ∈ {1, . . . , D} and step t. Choose
ηt =

4
µ (a+t) with a > max{16κ, H} and κ = L/µ.

FedAvg synchronises the entire model once every H steps;
SPARTA synchronises a uniformly random subset of size
pD every step, with p = 1/H . Then for both methods

E f(θ̂T )−f⋆ = O
(

1
µKT +

κ+H
µKT 2

)
σ2+O

(
κH2

µT 2 +
κ3H3

µT 3

)
G2,

where θ̂T = 1
KST

∑K
k=1

∑T−1
t=0 w(t)θ

(t)
k , w(t) = (a + t)2

and ST =
∑T−1

t=0 w(t).

Proof. The analysis of (Stich, 2019) carries through verba-
tim once we show that the drift of each local model from the
virtual average θ̄(t) = 1

K

∑
k θ

(t)
k obeys the same quadratic

bound under both synchronisation schemes. Lemmas A.2
and A.3 below establish this. Using either bound in place
of lemma 3.3 of (Stich, 2019) allows the theorem proof
from (Stich, 2019) to be used.

Lemma A.2 (Drift bound for FedAvg). Models θ
(t)
k are

trained independently, with every H steps the whole model is
averaged across workers. A sequence of decreasing positive
stepsizes {η(t)}t≥0 satisfies η(t) ≤ 2η(t+H) for all t ≥ 0.
Then,

1

K

K∑
k=1

E∥θ̄(t) − θ
(t)
k ∥

2 ≤ 4(η(t))2G2H2, (6)

under the assumption that E
∥∥∥∇fx(h)

k

(θ(t))
∥∥∥2 ≤ G2 for all

t ≥ 0.

Proof. Consider that all parameters were synchronized at
timestep t0 where t − t0 ≤ H . Then we can expand the
squared error term, using the fact that E ∥X − E[X]∥2 =

E ∥X∥2 − ∥E[X]∥2,

1

K

K∑
k=1

E
∥∥∥θ̄(t) − θ

(t)
k

∥∥∥2 =
1

K

K∑
k=1

E
∥∥∥(θ(t)k − θ(t0))− (θ̄(t) − θ(t0))

∥∥∥2
≤ 1

K

K∑
k=1

E
∥∥∥θ(t)k − θ(t0)

∥∥∥2

We can expand this term using the SGD update rule, θ(t)k =

θ(t0)−
∑t−1

h=t0
η(h)∇f

x
(h)
k

(θ(h)), where x(h)
k represents the

batch given to model k at timestep h.

=
1

K

K∑
k=1

E

∥∥∥∥∥
t−1∑
h=t0

η(h)∇f
x
(h)
k

(θ(h))

∥∥∥∥∥
2

(7)

≤ 1

K

K∑
k=1

H
(
η(t0)

)2 t−1∑
h=t0

E
∥∥∥∇fx(h)

k

(θ(h))
∥∥∥2 (8)

≤ H2
(
η(t0)

)2

G2 (9)

≤ 4H2
(
η(t)

)2

G2 (10)

8
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Where we use
∥∥∥∑h

a=1 xa

∥∥∥2 ≤ h
∑h

a=1 ∥xa∥2 to go from 7
to 8.

To extend the proof to the SPARTA case, we state a lemma
analogous to lemma A.2. We will prove the lemma for
the case of sampling without replacement: parameters are
shuffled once at the start, and enumerated to pick parameters
during the training run. A similar bound can be found for
the case of independent Bernoulli sampling, which requires
a little more attention since τj , the time since last parameter
sync, is a random variable.

Lemma A.3 (Drift bound for SPARTA). Models θ(t)k are
trained independently, with parameters synchronized ac-
cording to the SPARTA update rule, with parameters sam-
pled without replacement. If every parameter was syn-
chronized at most H = 1/p steps ago, and a sequence
of decreasing positive stepsizes {η(t)}t≥0 satisfies η(t) ≤
2η(t+H) for all t ≥ 0, then

1

K

K∑
k=1

E∥θ̄(t) − θ
(t)
k ∥

2 ≤ 4(η(t))2G2H2 (11)

under the assumption that E
∥∥∇f(θ(t))j∥∥2 ≤ G2/D for all

t ≥ 0, j ∈ {1, . . . , D}.

Proof. Using linearity of expectation, we view the squared
error term as a sum over the parameters, and perform a
similar analysis per-parameter:

1

K

K∑
k=1

E∥θ̄(t) − θ
(t)
k ∥

2 =
1

K

K∑
k=1

D∑
j=1

E
∥∥∥θ̄(t)j − θ

(t)
k,j

∥∥∥2 .
If parameter j was last synchronized at timestep τj then,

=
1

K

K∑
k=1

D∑
j=1

E
∥∥∥θ̄(t)j − θ

(t−τj)
j −

(
θ
(t)
k,j − θ

(t−τj)
j

)∥∥∥2
≤ 1

K

K∑
k=1

D∑
j=1

E
∥∥∥θ(t)k,j − θ

(t−τj)
j

∥∥∥2 (12)

=
1

K

K∑
k=1

D∑
j=1

E

∥∥∥∥∥∥
t−1∑

h=t−τj

η(h)∇f
x
(h)
k

(θ(h))j

∥∥∥∥∥∥
2

(13)

≤ 1

K

K∑
k=1

D∑
j=1

τj

t−1∑
h=t−τj

(
η(h)

)2

E
∥∥∥∇fx(h)

k

(θ(h))j

∥∥∥2
≤ 1

K

K∑
k=1

D∑
j=1

τj

t−1∑
h=t−τj

(
η(h)

)2 G2

D
(14)

≤
D∑

j=1

τ2j
G2

D

(
η(t)

)2

(15)

≤ 4H2G2
(
η(t)

)2

(16)

Where the step from (15) to (16) follows from the fact that
τj ≤ H for all j.

While this is based on a simplified model relying on the lin-
earity of SGD updates, it is demonstrative of the equivalence
between Federated Averaging and SPARTA; the schedule
by which parameters are shared doesn’t affect rate of con-
vergence.

A.2. Weight Correlation

Frequent, sparse synchronisation keeps SPARTA replicas
better aligned than FedAvg for the same communication
budget. Define the average inter-node correlation at time t
by

ρ(t) =
1

K(K − 1)

∑
k ̸=k′

⟨θ(t)k , θ
(t)
k′ ⟩

∥θ(t)k ∥ ∥θ
(t)
k′ ∥

.

Theorem A.4 (Steady-state correlation). Two D-parameter
models θ1, θ2 evolve by SGD with gradients distributed as
gk

i.i.d.∼ N
(
0, Iσ2

)
, k = 1, 2. and learning rate η. At ev-

ery step each parameter j is averaged between workers with
probability p. Then the steady-state correlation between
models is,

ρ =
1

D

D∑
j=1

Var [H]

Var [H] + j
pDη2σ2

,

where H is the distribution of model parameters at the time
that they are averaged.

Proof. Consider first a single parameter j. Condition on the
parameter last being averaged tj time steps ago, at which
point the synchronized parameter had value Hj (common
to all ranks). The model parameter was allowed to evolve
freely under SGD for tj time steps, giving the distribution,

θk,j ∼ N
(
Hj , tjη

2σ2
)

(17)
=⇒ Cov (θ1,j , θ2,j) = Var [Hj ] (18)

=⇒ Var [θk,j ] = Var [Hj ] + tjη
2σ2 (19)
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So the correlation conditional on time since last synchro-
nization tj is,

ρj =
Var [Hj ]

Var [Hj ] + tjη2σ2
(20)

If parameters are sampled without replacement then they can
be partitioned into sets X0, . . . , X⌈ 1

p ⌉
where Xh contains

the parameters that were last averaged h steps ago, and
|X0| = · · · =

∣∣∣X⌈ 1
p ⌉

∣∣∣ = pD . Up to reordering, the tj

are therefore distributed as tj = j
pD . So the steady-state

correlation is,

ρ =
1

D

D∑
j=1

Var [Hj ]

Var [Hj ] +
j

pDη2σ2
(21)

Corollary A.5. In particular, if there is no weight decay
term then Var [H]→∞, so ρ→ 1 as t→∞.

Proof. If there is no weight decay term then,

θ
(t+τ)
k,j ∼ N

(
θ
(t)
k,j , τη

2σ2
)

(22)

=⇒ H
(t)
j ∼ N

(
0,

1

2
tη2σ2

)
(23)

Where the 1/2 follows from averaging the two Gaussians.
Therefore as t→∞, Var [Hj ]→∞ and so ρ→ 1.
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